Abstract Sweep methods are one of the most robust techniques to generate hexahedral meshes in extrusion volumes. The main issue in sweep algorithms is the projection of cap surface meshes along the sweep path. The most competitive technique to determine this projection is to find a least-squares approximation of an affine mapping. Several functional formulations have been defined to carry out this least-squares approximation. However, these functionals generate unacceptable meshes for several common geometries in CAD models. In this paper we present a new comparative analysis between these classical functional formulations and a new functional presented by the authors. In particular, we prove under which conditions the minimization of the analyzed functionals leads to a full rank linear system. Moreover, we also prove the equivalences between these formulations. These allow us to point out the advantages of the proposed functional. Finally, from this analysis we outline an automatic algorithm to compute the nodes location in the inner layers.
Introduction
The finite element method has become one of the most important tools in applied sciences and engineering. However, in large industrial applications, it is often hampered by the conversion of the CAD model into a finite element model adapted to the details of the geometry and to the prescribed distribution of the element sizes. Several fast and robust algorithms have been developed to generate triangular and tetrahedral meshes, see [1, 2] . Quadrilateral and hexahedral meshes are more constrained, and therefore much more difficult to generate. Nevertheless, the use of mixed formulations in incompressible fluid and solid mechanics, where quadrilateral and hexahedral elements are preferred by several authors, have increased the general interest in unstructured quadrilateral and hexahedral discretizations.
Several algorithms have been devised in order to generate hexahedral meshes for any geometry, see [3] for a detailed survey. However, a fully automatic hexahedral mesh generation algorithm for any arbitrary geometry is still not available. Therefore, special attention has been focused on existing algorithms that decompose the entire geometry into several simpler pieces. These smaller volumes can be easily meshed by well-known methods that exhibit an outstanding performance in these simpler volumes, such as mapping [4] , submapping [5] , and sweeping [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Most of the CAD commercial packages allow to model volumes by extruding, or sweeping, a surface along a curved path. These one-to-one sweep volumes are defined by a source surface, a target surface and a series of linking sides, see Fig. 1 . Reference [15] presents a detailed analysis on the constraints that a given volume must verify to be sweepable. Based on the definition of an extrusion geometry, the traditional procedure to generate an allhexahedral mesh by sweeping consists in the following five steps: (1) to generate a structured or unstructured quadrilateral mesh on the source surface; (2) to map the source mesh into the target surface; (3) to generate a structured quadrilateral mesh over the linking sides. This mesh defines the ribs that join each node on the boundary of the source surface with its corresponding node on the boundary of the target mesh. Moreover, it also defines the boundary of the inner layers of nodes; (4) to generate the inner layers of nodes; and (v) to generate the hexahedral elements by carefully connecting the nodes of two consecutive layers.
Several robust quadrilateral surface mesh generation algorithms have been developed which greatly simplify the surface meshing process involved in the first step [16] [17] [18] [19] . The mapping of the source surface mesh to the target surface can be performed by any method based on orthogonal projections of nodes onto the target surface [7, 17] , or by methods based on a least-squares approximation of an affine mapping defined between the parametric representations of the loops of boundary nodes of the cap surfaces [13] . The gridding of the linking sides involved in the third step must be generated using any standard structured quadrilateral surface mesh generator [1] . Hence, the main issue to be dealt with by any sweep algorithm is the fourth step.
Inner layers are delimited by several loops of nodes that belong to the structured meshes of the linking sides. In fact, for every layer there is one outer loop, and one inner loop for each hole in the sweep volume. Several algorithms have been developed in order to generate the inner layer of nodes. Mingwu and Benzley [9] presented a method that geometrically determines the position of the interior nodes. Staten and co-workers [10] developed the BMSweep algorithm which uses barycentric co-ordinates in a background mesh to locate the interior nodes. Blacker [8] first developed a projection algorithm based on a least-squaresweighted residual functional which does not require the creation of a background mesh. Knupp [6] detailed a projection method in which the inner nodes are located using a least-squares approximation of a linear transformation (the homogeneous part of an affine mapping) between the boundary nodes of the source surfaces and the boundary nodes of the inner layer.
Although all the previous algorithms to generate the inner layer of nodes have their strengths and weaknesses, projection algorithms based on a least-squares approximation of an affine mapping are the fastest option, see [11] for a comparative analysis. Moreover, they generate highquality meshes, specially in translatable, rotatable, scalable, and shearable geometries (i.e., between loops of points that are affine). If the loops of nodes are not affine, then an additional smoothing step may be needed. However, this smoothing step is also needed in other methods, such as [9, 17] . The standard procedure of a projection algorithm is composed by two steps. First, starting at the meshes of the cap surfaces, the position of the layer is computed from the previous one in an advancing front manner, see Refs. [6, 9] . Second, to increase the robustness of the projection algorithm, the final location of the inner nodes is computed averaging the nodal position obtained starting from the meshes of both cap surfaces.
Several functionals have been defined to compute this least-squares approximation, see Sect. 2. However, the minimization of some of these functionals does not always generate an acceptable projected mesh. For several usual geometric configurations the minimization of the proposed functionals may lead to a set of normal equations with a singular system matrix or may introduce several undesired geometrical effects on the final mesh, see [12, 14] . In this paper, we present an in-depth theoretical study on the leastsquares fitting of affine transformations defined between two finite sets of points. This analysis provides the necessary theoretical background for the projection algorithms presented in [6, 12, 13] . Moreover, we propose a new functional that overcomes the drawbacks of the previous formulations and maintains their performance. 
From the practical point of view, two cases are important: n = 2 used to sweep curves on a plane, and n = 3 used to project meshes along a given path in a sweep algorithm. In a 3-D sweep application the source layer is a quadrilateral mesh. This mesh is composed by a set of boundary points, X, and a set of inner nodes, see Fig. 2a . The initial layer is the source surface mesh. Our goal is to map this quadrilateral mesh onto a target layer bounded by the set of points Y. Note that there does not exist an underlying surface defining this target layer. That is, the set of boundary points Y is the only available data for generating the new inner nodes of the quadrilateral mesh of the target layer. Therefore, we are looking for a mapping / :
. . .; m. Once this mapping is obtained, we will use it to map the inner nodes of the source quadrilateral mesh to the target layer.
The fastest method to sweep a mesh is to approximate / by an affine mapping u from R n to R n : This affine mapping is determined by a least-squares fitting of the given data. Thus, we want to find u such that it minimizes the functional
From the geometrical point of view, the minimization of Eq. 1 means that the optimal affine mapping is such that the sum of the squares of the distances between the target points and images of the source points is minimized, see Fig. 2b . We also define
as the geometric centers of the sets X and Y, respectively.
Remark 1 Any affine mapping u from R n to R n can be written as uðxÞ ¼ Ax þ b 0 , where A 2 LðR n Þ is a linear transformation, and b 0 2 R n is the affine part. If we define
then we can write u as
Taking into account Remark 1 we can write, without loss of generality, the initial least-squares problem Eq. 1 as the minimization of the functional
where A 2 LðR n Þ and b 2 R n .
EðA; bÞ;
Proof The minimization of functional E is equivalent to solving the overdetermined linear system
Note that the unknowns of the previous overdetermined linear system are the coefficients of the n 9 n matrix, A, and the coefficients of the n-dimensional vector, b. According to Eq. 3 we set b 0 = b -Ac X . Hence, Eq. 6 is equivalent to Ax
. . .; m: By applying the well-known normal equations to the previous least-squares problem we obtain
Taking into account the definitions of c X and c Y we obtain 
Alternative formulations
According to Remark 2, the new coordinates x ¼ x À c X and y ¼ y À c Y are introduced, see Ref. [6] for details. These new coordinates can be interpreted as translating the sets of point X and Y to the origin, see Fig. 3a . Using these new coordinates the following functional is also introduced in Ref. [6] :
Therefore, we are looking for a linear mapping A such that it transforms, in the least-squares sense, X ¼ fx i g i¼1;...;m into Y ¼ fy i g i¼1;...;m . Functional 7 is used in Ref. [6] in order to simplify the statement of the least-squares approximation of the affine mapping between the source and target points of a sweep volume. However, functional F has an important drawback: if the set of source points determines a hyperplane (for instance, a plane for 3-D problems or a straight line for 2-D problems), then the minimization of Eq. 7 induces a set of normal equations with a singular system matrix. Note that this geometrical configuration is usual in practical CAD models. In order to avoid this drawback, the functional
is also proposed in Ref. [6] , where the new coordinates In order to overcome the shortcomings presented by functionals 7 and 8, while maintaining the performance of these methods we propose the functional
where u X and u Y are two vector parameters that belong to R n . Note that vectors u X and u Y in Eq. 9 can be properly selected in order to obtain several desired properties of functional H. Therefore, we are looking for a linear mapping A such that it approximately transforms, in the least- To summarize, functionals 5, 7, 8, and 9 have been defined in order to find an optimal affine mapping, in the least-squares sense, between the set of points X and Y. The aim of this work is to analyze their relationships and to prove that functional H is preferable.
Preliminary definitions and results

Linear algebra
In this analysis we only consider sets of points X of dimension n -1 and n, i.e., we do not consider sets of points X that generate linear varieties of dimension less than n -1. For instance, in R 3 we do not consider source surfaces which degenerate to lines or points, because it does not make sense to sweep them in practical applications.
Definition 1 (Hyperplanar set) A set of points X ¼ fx i g i¼1;...;m is hyperplanar if there exists only one hyperplane through all the points in X. In other words, if we take any point of X, the differences between the rest of points of X and the selected point determine a subspace of dimension n -1.
Definition 2 (Unitary normal vector) Let X be a set of points and 0 the origin. A unitary normal vector to X is a vector n X 2 R n with kn
Definition 3 (Homogeneous hyperplane) Let X be a hyperplanar set of points. The homogeneous hyperplane of X is the subspace of vectors
where n X 2 R n is a unitary normal vector to X.
The next three lemmas are basic linear algebra results and will be used in the following sections.
There exists a set of indices fi 1 ; . . .; i n g & f1;
. . .; mg such that
Lemma 2 Let U ¼ fu i g i¼1;...;n be a set of vectors in R n such that:
Remark 3 If X is a hyperplanar set of points and u
Lemma 3 Let X be a hyperplanar set of points. Assume that u X 6 2 H; u Y 2 R n , and A 2 LðR n Þ are given. Then, the mapping H½A;
is such that: Remark 4 From the geometrical point of view Lemma 3 states that the linear mapping H½A; u X ; u Y can be used to take into account the offset data of a non-planar surface mesh delimited by a planar boundary, i.e., planar loop of nodes. On the one hand it states that the linear mapping H½A; u X ; u Y maps any vector that belongs to the homogeneous hyperplane according to A. On the other hand it maps the first parameter vector u X (that does not belong to H) onto the second parameter vector u Y .
Remark 5 Given a matrix Z it is well known that Z Z T has full rank if and only if Z has full rank, see Ref. [20] . On the contrary, we can prove that Z Z T is rank deficient if we prove that Z is rank deficient, too.
Properties of functionals
Lemma 4 states several basic relationships between the previous functionals. The proof follows from the definitions of the functionals E, F, G, and H.
Lemma 4 For every A 2 LðR
n Þ:
The following three lemmas prove that functionals F, G and H can be written in terms of linear mapping H.
Lemma 5 Let X be a hyperplanar set of points, and assume that u X 6 2 H and u
Proof Since X is hyperplanar, x i À c X 2 H, for i ¼ 1; . . .; m. Therefore, by property 2 of Lemma 3 we have that
The proof follows from the definition of the functional F, see Eq. 7. h Lemma 6 Let X be a hyperplanar set of points, and assume that c Y À c X 6 2 H. If A 2 LðR n Þ then:
Then, property 1 is a particular case of Lemma 5. Property 2 follows from the definition of functional G, see Eq. 8, and Lemma 3. h Lemma 7 Let X be a hyperplanar set of points, and assume that u X 6 2 H and u
Proof This result follows from the definitions of functionals F and H, and Lemma 3. h
Rank analysis
In this section we prove that the minimization of functionals F and G could lead to a rank deficient set of normal equations. On the contrary, the minimization of functional H can always lead to a full rank set of normal equations.
Proposition 2 Let X ¼ fx i g i¼1;...;m & R n be a hyperplanar set of points. Then, the minimization of functional F is equivalent to solving n uncoupled overdetermined linear systems of rank n -1.
Proof The minimization of functional F is equivalent to imposing the following m constraints:
Defining the matrices
. . a n;1 . . . a n;n
we can write (11) as
Hence, the minimization of F is equivalent to solving the following n uncoupled overdetermined linear systems
where a k := (a k,j ) for j ¼ 1; . . .; n and y k ¼ ðy
. . .; m. To conclude we have to prove that X T has rank n -1. By Lemma 1, and taking into account that dimH ¼ n À 1, we have that
The set of normal equations corresponding to the minimization of functional F can be obtained from Eq. 12 as
According to Remark 5 the system matrix X X T is singular if the set of points X is hyperplanar, and it is regular if the set of points X spans R n .
Proposition 3 Let X be a hyperplanar set of points. If c Y À c X 2 H then the minimization of functional G is equivalent to solving n uncoupled overdetermined linear systems of rank n -1. Otherwise, the rank is n.
Proof Similar to Proposition 2, if we define
then the minimization of functional G is equivalent to solving the following n uncoupled overdetermined linear systems
Since the set of points X is hyperplanar, by Lemma 1, we can assume that we have already reordered the points in X in such a way that
In these conditions, if we apply Lemma 2 considering
If X is hyperplanar and c Y À c X 2 H then the minimization of functional G leads to a set of normal equations with singular system matrix. However, if X is hyperplanar and c Y À c X 6 2 H then the system matrix is regular.
Proposition 4 Let X be a hyperplanar set of points and assume that u Y 2 R n . If u X 2 H then the minimization of functional H is equivalent to solving n uncoupled overdetermined linear systems of rank n -1. Otherwise, the rank is n.
Proof Similar to Proposition 2, if we defineX then the minimization of functional H is equivalent to solving the following n uncoupled overdetermined linear systemŝ
where
Since X is hyperplanar, by Lemma 1, we can assume that we have already reordered the points in X in such a way that
Otherwise, u X 6 2 H, we have that
h Remark 8 In sweeping applications if X is hyperplanar we can always select u X 6 2 H. Therefore, the minimization of H leads to a set of normal equations with regular system matrix.
Equivalences between functionals
In this section, we prove under which conditions the minimization of functionals F, G and H are equivalent to minimizing functional E. Then:
min
ðA;bÞ2LðR n ÞÂR n EðA; bÞ ¼ min
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Proof We have that
Note that the first and the last terms in the previous expression are the same. Then, the inequalities are in fact equalities. All properties follow from rewriting and reordering the chain of equalities. h
Remark 9
The number of degrees of freedom involved in the minimization of F is smaller than in the minimization of E. Hence, it is preferable to minimize F because it simplifies the projection algorithm. 
GðAÞ:
Then:
min
GðAÞ has one and only one solution
Proof Property 1 follows from Proposition 3 and Remark 7. Assume we have ðA
Note that the first and the last terms in the previous expression are the same. Then, the inequalities are in fact equalities, and property 2 follows. From the previous sequence of equalities, we have proved that H½A F ; c Y À c X ; c Y À c X and A G minimize functional G. Thus, property 3 is also proved since G has a unique solution. Property 4 follows from Lemma 6 and property 3 of this Proposition. h Remark 10 Property 3 of Proposition 6 states that the optimal solution of the minimization of functional G, A G , can be computed from the optimal solution of the minimization of functional F, A F , when c Y À c X 6 2 H (note that this property is not used in the original work of [6] ). In this case we have that
Moreover, by Lemma 3 if c
Y À c X 6 2 H and taking 
Proof Property 1 follows from Proposition 4 and Remark 8. We define
Hence,
We consider the following sequence of equalities and inequalities:
Note that the first and the last terms are the same. Thus, all the inequalities are in fact equalities. Then:
1. min
Proof Observe that, from the definitions of functionals F and H we have
words, H differs from F only by a constant that does not depend on A. Hence, both properties follow. h
Remark 12 Proposition 8 extends the equivalence between the minimization of F and H to non-hyperplanar sets of points. The requirement is that u X = 0.
Exact mapping characterization
When the least-squares fitting of affine mappings is applied in a sweep algorithm, it is important to characterize under which conditions we can exactly map the set of points X to the set of points Y by means of an affine mapping. To this end, the three following propositions are introduced.
Proposition 9
There exists an affine mapping u such that 
On the other hand, assume that min A2LðR n Þ FðAÞ ¼ 0. In this case there exists a linear transformation A F 2 LðR n Þ such that F(A F ) = 0. From the definition of F we have that 
Proof It is proved analogously to Proposition 9. h
Shortcomings of functionals F and G
In this section we summarize the shortcomings of functionals F and G. In addition, we highlight that it is always possible to select a vector u X such that the minimization of H overcomes these drawbacks.
Flattening We have seen that the minimization of functional F has two main shortcomings:
-If the set of source points, X, is hyperplanar (for instance a source surface mesh with planar boundary), then the minimization of F leads to a set of normal equations with singular system matrix, see Proposition 2. In practice a singular value decomposition, SVD, may be used to solve the set of normal equations. In this case, the inner part of the projected mesh will be planar. Hence, a flattening effect will be introduced and the shape of the inner part of the source surface mesh will be lost, see Fig. 5a , b. -If a given mesh is projected over an inner layer with a hyperplanar boundary by minimizing F, then the projected mesh will always have a planar inner part, see Fig. 5c . Thus, a flattening effect is also introduced.
Functional G was introduced to overcome the first drawback of F. In particular, Proposition 6 states the equivalence between both functionals. However, if X is hyperplanar and c Y À c X 2 H then the minimization of G also leads to a set of normal equations with a singular system matrix, see Proposition 3. Hence, the minimization of G also introduces the flattening effect.
Engineering with Computers (2013) 29: 1-15 9 Note that, on the one hand Proposition 7 holds in the case that the source points are hyperplanar. On the other hand, Proposition 7 holds even in the case of c Y À c X 2 H. Recall that in these cases the minimization of F and G lead to a set normal equations with a singular system matrix. Thus, the minimization of H is always preferable in these two cases because it is always possible to choose a vector u X 6 2 H such that a set normal equations with a regular system matrix is obtained.
Skewing Functional G has an additional drawback when the projection algorithm is applied to planar sets of points, even in the case of c Y À c X 6 2 H: Consider a non-planar source surface with planar boundary, see Fig. 6a . Assume that we want to project this source surface mesh into an inner layer (of a sweep volume) defined by a planar boundary, but non-parallel to the source surface. Figure 6b shows a cross-section of the source surface (thick solid line), the cross-section of the obtained solution minimizing functionals G (dotted line) and the cross-section of the obtained solution minimizing functionals H (thin solid line). Since c Y -c X is a fixed vector of A G , see Remark 10, the cross-section obtained with A G (dotted line in the top cross section of Fig. 6b) does not preserve the shape of the original surface. On the contrary, Remark 11 states the optimal solution of the minimization of H, A H , maps u X into u Y . If we select u X = n X and u Y = n Y , then the normal of the source boundary is mapped into the normal of the target boundary. Therefore, its shape is preserved (thin solid line in the top cross section of Fig. 6b ). This example illustrates that the minimization of functional H is preferable since its optimal solution is not affected by the skewing introduced by the minimization of functional G and tends to preserve the shape of the original surface. This property was first reported in Ref. [12] .
Not capturing affinities If X is hyperplanar and c Y À c X 2 H then Proposition 10 does not hold. In this case, if the set X and Y are affine, then the minimization of functional G could provide an affine mapping that does not exactly map X to Y. To illustrate this we consider two affine and coplanar sets of points X ¼ fx i :¼ ðcos t i ; sin t i ; 0Þg i¼0;...;11 & R into an elliptical shaped set Y (black dotted line in Fig. 7 ).
On the contrary, A G maps the circular set X (grey solid line in Fig. 7 ) into an almost circular set of points A G X (grey dotted line in Fig. 7 ), whereas the set of target points Y is elliptical. Note that in this example both solutions, A F and A G , map the normal component of H into zero. Thus, all the offset information that the inner part of the source loop of points may contain will be lost (volumetric distributions of points are mapped into planar distributions). Hence, the minimization of H is preferable.
Outline of the algorithm
The previous analysis provides the theoretical background to develop a general and automatic algorithm to generate meshes by sweep. The new algorithm is designed to attain two main goals. On the one hand, it has to lead to a set of normal equations with full rank system matrix. Note that by minimizing H with u X 6 2 H we meet this condition, see Remark 8. On the other hand, the algorithm has to preserve the shape of the meshes of the cap surfaces on the obtained inner layers. To this end we have to specify how to select u X and u Y . In Ref. [14] we detail and prove an algorithm implementation that meets these requirements. It is outlined here in three steps for clarity:
First We compute the SVD of the optimal solution A F = UWV T , where U and V are two n 9 n orthogonal matrices, and W is a n 9 n diagonal matrix with positive or zero entries, the singular values, diagðw 1 ; . . .; w n Þ such that w 1 ! w 2 ! Á Á Á ! w nÀ1 ! w n ! 0. We denote by u i 2 R n and v i 2 R n , for i ¼ 1; . . .; n, the columns of matrices U and V respectively. 
Finally, we compute the desired affine mapping according to Eq. 4. i.e., to obtain the optimal solution A H , we first find the optimal solution A F , and based on its SVD and the geometric configuration of sets X and Y we select the vectors u X and u Y .
Examples and discussion
In this section we present five examples in order to assess the capabilities of the proposed functional. In all the examples the set of points X corresponds to the boundary nodes of the source mesh, and the set of points Y corresponds to the boundary nodes of the current inner layer. To highlight the analyzed issues, in all the examples the source surface has a planar boundary, with non-planar interior. The first two examples illustrate the advantages and drawbacks of the analyzed functionals. These two meshes are obtained with a sweeping tool that implements the minimizations of functionals F, G, and H. In these two examples the inner layers are obtained projecting directly the source surface onto the inner layer, i.e., we have used neither a weighted interpolation of the projections from both cap surface meshes nor an additional smoothing step to improve the quality of the final mesh. To solve the overdetermined linear systems that do not have full rank we have used a SVD which supplies the solution with the smallest norm, see Ref. [20] .
In the first example we illustrate the flattening effect introduced by the minimization of functional F. In addition, we observe that in this case the minimization of functionals G and H preserve the shape of the cap surface in the inner layers. To this end we consider a non-planar surface mesh with planar boundary that is extruded along a straight sweep path, see Fig. 9 . The first row shows a general view of several layers of elements corresponding to the meshes obtained minimizing each functional. The second row shows a front view of these layers. Since all the boundary loops are planar, the minimization of functional F leads to flattened inner layers despite the cap surfaces are non-planar, see Fig. 9a . Since we have a straight sweep path and c Y À c X 6 2 H, the obtained meshes minimizing G and H are able to maintain the shape of the cap surfaces in the inner layers, see Fig. 9b , c.
In the second example we show that the minimization of functionals F and G may generate bad meshes due to the flattening and skewing effects, whereas the minimization of the new functional H produces a high-quality mesh. Figure 10 presents a C-shaped geometry with square cross sections. The cap surfaces are non-planar but have a planar boundary. Since the boundary loop of the cap surfaces is planar the minimization of functional F generates planar inner layers, see Fig. 10a . The minimization of functional G generates non-planar inner layers, see Fig. 10b . Since most of the planar loop of nodes that define the inner layers are non-parallel, and c Y -c X is a fixed vector of the optimal solution of functional G, the skewing effect appears on the generated mesh, see Remark 10. Moreover, there exists an inner layer such that its planar boundary is parallel to the planar boundary of the source surface (c Y À c X 2 H). In this case minimizing functional G leads to an overdetermined linear system that does not have full rank, and a degenerated projection is obtained, see Fig. 10b . Minimizing functional H we are able to properly select vectors u X and u Y and we obtain a mesh that preserves the shape of the cap surfaces in each inner layer. The proposed algorithm can deal with more complicated geometries, which may contain curved and twisted paths or may be defined as an assembly of several volumes. The goal of the last three examples is to illustrate that the proposed algorithm can be successfully applied to models composed by several sweep volumes that may contain planar and non-planar cap surfaces. Figure 11 shows the mesh generated for a gear model. A conformal mesh is generated over the shared surfaces that define this model. Figure 12 presents two views of the mesh generated for a mechanical brace decomposed in several sub-volumes using a multi-sweep algorithm. Figure 13 shows the CAD model of a inertia system composed by three wheels. Similar to the previous two examples we discretize this assembly model by minimizing functional H. Figure 13 shows a detail of the mesh corresponding to a one quarter of the central wheel. In addition, the circular boundary loops that delimitate the cap surfaces are marked with thick lines. Although each inertia wheel is defined by non-planar cap surfaces delimited by a planar boundary, we are able to generate inner layers that preserve the shape of the cap surfaces. In all cases we obtain hexahedral elements of high quality.
Conclusions
In this paper we present a new theoretical and comparative analysis of several functionals that are extensively used in sweeping tools. We prove that minimizing F leads to a set of normal equations with a singular system matrix if the set of source points X is hyperplanar. To avoid this drawback we prove the equivalence between minimizing F and G. However, we prove that minimizing G also leads to a set of normal equations with a singular system matrix if, in addition, c Y -c X lies in the same hyperplane that X. To overcome these drawbacks we introduce functional H and we prove the equivalence between minimizing F and H. Note that this result does not depend on where the vector c Y -c X lies. Moreover, we also prove that we can always enforce that minimizing H leads to a set of normal equations with a regular system matrix.
Minimizing H has two additional advantages over minimizing F and G. On the one hand, if the source surface is non-planar but has a planar boundary, then the numerical solution obtained from the minimization of F generates planar inner layers of nodes. However, minimizing the new functional H we obtain non-planar inner layers of nodes. On the other hand, if the source surface is non-planar but has a planar boundary and c Y À c X 6 2 H, then the minimization of H avoids the skewing effect introduced by G. Therefore, the minimization of H tends to preserve the shapes of cap surfaces on inner layers.
The source and the target loops of nodes are not affine in a wide range of applications. Therefore, it is not possible to obtain an affine transformation that exactly maps X into Y. In these situations an additional smoothing step may be required in order to improve the quality of the final mesh. We claim that the minimization of functional H provides better initial node location than the minimization of functionals F and G. Moreover, this projection algorithm may provide an excellent initial guess for morphing procedures.
(a) (b) Fig. 13 Discretization of a system of inertia wheels: a CAD model, and b one quarter of the generated mesh for the central wheel
